
Descriptive Set Theory
Lecture 10

A
game on a set of moves A ( this is usually ctbl , but not

always) is : ai EA

P1: ao 92
- - <

P2 : a , a 3

This game has a payoff set D ≤ AN chick determines who

wins a given run Ian) of the game, namely , Pl wins
:<⇒ (an) c- D

.
We denote this game by Ga (D) or siaplg

G(D) if A doesn't natter .

A strategy her PI is a map
4 : A
""
→ A. We sayMa

run Ian) of this game is played accordiy he 4

if tf k
, Azn = lllayan

,
. .
.,a%+),he\ is ∅ fer k--0 .

Shilang , we define a strategy for P2 .

More conveniently , we define a strategy as a tree on A

as follows
.
A strategy for PI is a tree Toa A sit

.
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.



siilalg , one defines a strategy for P2 , snapping odd I even
.

Given a strategy or ≤ A
"N Her one of the players) , ✗c-A

"

is a ran according to r if ✗ C- [ r] .
A winning strategy for Pt ( resp . P2) in the

gone 6 /D) ,
for D ≤ A

"V

,
is a strategy & s.t.co] ≤ D lresp . G) ≤ 09

.

We say
tht the

gave
6 (D) is determined if one

of the players has a winning strategy .

Games with rules
.

A gone with rules is a game with a tree

T ( on a set A) and a payoff at D ≤ IT } and

PI and P2 have to play moves
,
so tht each posi -

Sitio- Cao
, ay . . , ad at the game is in T

.

Denote G-101
.

+\
Nde tht such a game is equivalent to
a game without rules by a slight mech:

nicotine at the payoff set.
MANNINA / Given G- (D) , we turn this into Galo ')

,

i. where D ' ≤ AN is defined by : the A-
'N
,

✗ C-D
'
:<⇒ ( ✗ C- D) or (3- n ✗In&T and the

least sich n is odd )
.

Note
.

D
'
is D union open , so unless D is closed

,
Dal D

'

have
the sane couplexitg .



Nouieteruiuedyaus . We use Axi.cn of Choice /Act to

build a won determined set B ≤ A
"V

for ay A of sites
!

Observation
.
If Galt) i, determined

,
then D of D

'

contains

a nonempty perfect sit .
Proof

.

For
ay strategy 0, [M is a no-eytg perfect

sit
.

s called a Bernstein set

theorem ( Bernstein
, usesFor ay d-bl A of size > 1

,

7 a set B≤ A'NS.t . neither B nor B
' coat ails a

honeuptty perfect sit. Hence
,
B is noudete ruined

.

Proof
. By AC

,
we can well -order the set at all nonempty

perfect sits
,
i.e

.
7 ordinal enumeration (B) ✗ < ×

of all such sits
,

where t ≤ 2% (continuum) is a cardiac!

I Remark . 4--7""
,
base a generic unpaid subset of

A-
""

is perfect. ) we recursively build a sequence

lad
, babe ✗ "t

. aÉb✗ C- Pa and these haven't

appeared before
,
i.e
. ok , bin d- far

,
br : Ted} .

Given lar
, br)r<& ,

the set tar
,
br : Ted} is

of cardinality < ✗ ≤ 2
"" hence Pallas , br : Ted}



a:& : :: : ::
%

bo bi

still has size continuum
,
so we can take ad

,
bat

Pyar
,
br : rid} . Let B : - fan : ✗ < ×} hence

B
'

≥ 4b£ :di}
,
hence Kd

, B&B I 13$13
'

.

Axiom of Determinacy (AD)
.

For all A
,
all sets DEAN

are determined
.

We just shoved tht AC ⇒ not AD
,
but we believe

tht 2-Ft AD is constiskut
.

We'll show tht all open sets are determined
,
also

all closed sets are determined
.

It's a brilliant theorem

of D. Martin tht all Borel sets are determined
.

Determinacy of projections d- Borel sits
,
i.e
. analytic sets

,

is equivalent to a the existence of a washable cardinal
,

and we can't even prove its consistency .

Perfect set property .
A subset of a Polish space

has the

perfect sit properly IPSP) if it is either cthl or contains
a wryly perfect set ( hence a copy of 2M

.



Nowexample . A Bernstein sit B ≤ 21N doesn't have PSP

bese by def
,
B doesn't contain a nonempty perfect

sit at it is not ctbl bean aw .
B
'

would be

uuctbl hi
,
hence Polish

,
so it would contain a 0--1

perfect set by Carter - Bendix son
.

✗
cake

the associated
game .

let ✗ be 0€ pored Polish space I let

U be a ctbl basis
.

Fix a couplet e apatite metric d.
← blueberries

For a given set B ≤ ✗
,
the cut - and - choose game

4%413 ) is as follows:

Pl : Hi"
,
aint 16 :

'

,
ui") luiiui")

i.
"

-

P2 : i
. ii.

rough
where U%

,

U
,

"
are disjoint basic✓open sits (ko- U)

of vanishing diameter
,
i.e . diaw 6*4 → 0

,
and in c- 10,1}

.

Moreover
,
Ñ↑Ñ ≤ 4¥ .

Pl mis if f. Ui↑=1UiY≤ B.
✗

Ui
"

4,61

.

.

.

fi .
B Note ht Alli? -4×1 A- some ✗c-× .

.

: ""



Theorem
. (a) Player 1 has a winning strategy <⇒ B ≥ perfect st≠0.

(b) Player 2 has a winning strategy ⇔ B is dbl.

Proof
.
(a)⇒

.
let 0 be a winning strategy for Player 1 .
This r defines a Cantor scheu in ✗

, namely ,
( Us) se 24N ,

where Ula , is the
open at P2

chose after its moves i. =L
,
I
,
:O
,
4=1
,
i
} =\ .

This schue has vanishing diameter I UI ≤ Us ,
and eah is wneyty ,

so the domain of the associated

nap it the whole 21N
,
here 2"°G B.

⇐
.
If B contains after feet set P ≤ B

,
ther

Pl plays Ui"
,
hi" disjoint sit. the both intersect P

.

And continues this way ,
which is possible because

P it perfect . (Mimic the proof of the perfect at
theorem

,
here we construct the Carter scheu

.)
this gives a winning strategy for PI . a


